
Orthonormal wavelet bases

In the last set of lecture notes, we developed the Haar wavelet basis
for decomposing continuous-time signals x(t) 2 L2(R):

x(t) =
1X

n=�1
s0,n�0,n(t) +

1X

j=0

1X

n=�1
w

j,n

 

j,n

(t),

where the (orthonormal) basis functions are are scaled an shifted

versions of two template functions:

�0(t) =

(
1, 0  t  1,

0, otherwise
,  0(t) =

8
><

>:

1, 0  t < 1/2,

�1, 1/2  t < 1,

0, otherwise.

�0,n(t) = �0(t� n),  

j,n

(t) = 2j/2 0(2
j

t� n).

The two template functions were linear combinations of shifts of a
contracted version of �0(t):

�0(t) = �0(2t) + �0(2t� 1),  0(t) = �0(2t)� �0(2t� 1).

This gave us the very nice interpretation of the wavelet coe�cients
w

j,n

capturing the di↵erences between piecewise-constant approx-
imations of x(t) at di↵erent dyadic scales,

x(t) = P V0
[x(t)] + PW0

[x(t)]| {z }
=P V1 [x(t)]

+PW1
[x(t)]

| {z }
=P V2 [x(t)]

+PW2
[x(t)]

| {z }
=P V3 [x(t)]

+ · · · .

It is natural to ask if we can do something similar for other types
of approximation spaces V

j

, ones that contain things other than just
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piecewise-constant functions. Indeed we can, and it leads to a very
rich family of orthonormal wavelet bases.

As in the Haar case, everything will follow from properties of a scal-
ing function �0(t). The first thing we must do is carefully write down
some properties of �0(t) that lead to consistent multiscale approxi-
mations.

Multiscale approximation: scaling spaces

For a given �0(t), the first approximation space V0 is set of signals we
can build up from di↵erent linear combinations1 of the integer shifts
of �0(t):

V0 = Span({�0(t� n)}
n2Z).

The first thing we want is for {�0(t� n)}
n2Z to be an orthobasis, so

we ask that

(P1) h�0(t� k),�0(t� n)i =
(
1, k = n,

0, k 6= n.

Now set
�

j,n

(t) = 2j/2�0(2
j

t� n),

so the function �0(2
j

t � n) is formed by contracting �0(t) by a
factor of 2j, then shifting the result on a grid with spacing 2�j. For
a fixed scale j, define

V
j

= Span({�
j,n

(t)}
n2Z).

1
Technically, this is the set of signals we can approximate arbitrarily well

from di↵erent linear combinations — this is the closure of the span, which

we will denote by Span.

138

Georgia Tech ECE 6250 Fall 2016; Notes by J. Romberg. Last updated 13:14, October 3, 2016



It follows immediately from the definitions that

x(t) 2 V0 , x(t� k) 2 V0 for all k 2 Z,

or more generally,

x(t) 2 V
j

, x(t� 2�j

k) 2 V
j

for all k 2 Z.

This means that if V
j

contains a signal, than it also contains ev-
ery shift of that signal by integer multiples of 2�j. It also follows
immediately that

x(t) 2 V0 , x(2t) 2 V1

, x(4t) 2 V2

...

, x(2jt) 2 V
j

.

Following the Haar case, there are two more key properties we ask
of this sequence of approximation spaces; we would like these spaces
to be nested,

(P2) V
j

⇢ V
j+1, so x(t) 2 V

j

) x(t) 2 V
j+1,

and we also want these approximation spaces to cover all of L2(R)
in their limit:

(P3) lim
j!1

V
j

= L2(R), so lim
j!1

P Vj [x(t)] = x(t) for all x(t) 2 L2(R).

Now the question is: What properties does �0(t) have to have to en-
sure (P1)–(P3) hold? While the answer is not straightforward, this
question was answered completely in the late 1980s/early 1990s. The
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conditions on �0(t) are most easily expressed in terms of the inter-
scale relationships between the {�

j,n

}
n2Z and {�

j+1,n}n2Z. This rela-
tionship also connects wavelets to digital filterbanks, a fact that
allows discrete wavelet transforms to be computed very e�ciently.

Given a �0(t), define the sequence of numbers g[n]

g0[n] = h�0(t),
p
2�0(2t� n)i. (1)

It turns out that whether properties (P1)–(P3) hold depends en-
tirely on properties of this sequence of numbers. Let G0(e

j!) be
the discrete-time Fourier transform of g0[n]. Then we have following
major result:

If g0[n] obeys the following three properties, then the approximation
spaces {V

j

}
j�0 obey properties (P1)–(P3):

(G1) |G0(e
j!)|2 + |G0(e

j(!+⇡))|2 = 2, for all � ⇡  !  ⇡

(G2) G0(e
j0) =

X

n

g0[n] =
p
2,

(G3) |G0(e
j!)| > 0 for all |!|  ⇡

2
.

Proof of the above is long and complicated2 Note that with (P2)
established, we know that �0(t) 2 V1. This gives us an additional

2
There are a few good references here. I will recommend Chapter 7 of A

Wavelet Tour of Signal Processing, by S. Mallat, and Daubechies’ book

Ten Lectures on Wavelets.
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interpretation of the g0[n]; they tell us how to build up �0(t) out of
shifts of the contracted version �0(2t):

�0(t) =
1X

n=�1
g0[n]

p
2�0(2t� n). (2)

Given a particular �0(t), we can of course generate the g0[n] using
(1), and check to see if the properties above hold. But we can also
go the other way. If we design a sequence g0[n] that obeys the three
properties above, it specifies a unique scaling function �0(t). To get
�0(t) from g0[n], we take the continuous-time Fourier transform of
both sides of (2):

�0(j⌦) =
1X

n=�1
g0[n]

p
2

Z 1

�1
�0(2t� n)e�j⌦t dt

=
1X

n=�1
g0[n]

1p
2
e

j⌦n/2�0(j⌦/2)

=
1p
2
G(ej⌦/2)�0(j⌦/2)

We can again expand �0(j⌦/2) =
1p
2
G(ej⌦/4)�0(j⌦/4), etc. Condi-

tion (G3) above means that the limit exists, and we have

�0(j⌦) =

 1Y

p=1

G(ej2�p⌦)p
2

!

�0(j0) =
1Y

p=1

G(ej2�p⌦)p
2

,

since �0(j0) = 1 (this follows from integrating both sides of (2)
and applying Condition (G2) above). Unfortunately, except in spe-
cial cases it is hard to compute �0(j⌦) past the iterative expression
above. This is why wavelets are usually specified in terms of there
corresponding sequences g0[n].
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Multiscale approximation: wavelet spaces

The complementary wavelet spaces and wavelet basis functions can
also be generated from the coe�cient sequence g0[n]. This is detailed
as our second major result:

Suppose �0(t) with corresponding g0[n] obeys (G1)–(G3). Set

g1[n] = (�1)1�n

g0[1� n],

and

 0(t) =
1X

n=�1
g1[n]

p
2�0(2t� n).

Then, along with integer shifts of the scaling function
�0,n(t) = �0(t� n), the set of all dyadic shifts and contractions of
 0(t),

 

j,n

(t) = 2j/2 0(2
j

t� n), n 2 Z, j = 0, 1, 2, . . . ,

form an orthobasis for L2(R). That is,

x(t) =
1X

n=�1
hx,�0,ni�0,n(t) +

1X

j=0

1X

n=�1
hx, 

j,n

i 
j,n

(t)

for all x(t) 2 L2(R).

As with the Haar case, the wavelet coe�cients at scale j represent
the di↵erence between the approximation of a signal in V

j

and the
approximation in V

j+1. That is, if we set

W
j

= Span ({ 
j,n

(t)}
n2Z)

then
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1. For fixed j, h 
j,n

, 

j,`

i = 0 for n 6= `. That is, the { 
j,n

(t)}
n2Z

are orthobasis for W
j

.

2. W
j

? V
j

0 for all j 0  j. Notice that sinceW
j

⇢ V
j+1, it follows

that the sequence of spaces V0,W0,W1, . . . are all mutually or-
thogonal.

3. V
j+1 = V

j

�W
j

. That is, every v(t) 2 V
j+1 can be written as

v(t) = P Vj [v(t)] + PWj [v(t)].

As the previous property states, these two components are or-
thogonal to one another.

In summary, this means we can break L2(R) into orthogonal parts,

L2(R) = V0 �W0 �W1 �W2 � · · ·

and we have an orthobases for each of these.
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Vanishing moments and support size

In addition to forming an orthobasis with a certain multiscale form,
there are other desirable properties that wavelet systems often have.

Vanishing moments. We say that  0(t) has p vanishing moments
if Z 1

�1
t

q

 0(t) dt = 0, for q = 0, 1, . . . , p� 1.

This means that  0(t) is orthogonal to all polynomials of degree
p� 1 or smaller. Since shifting a polynomial just gives you another
polynomial of the same order,  0(t � n) is also orthogonal to these
polynomials. This means that polynomials that have degree at most
p � 1 are completely contained in the scaling space V0 — all of the
wavelet coe�cients of a polynomial are zero.

Compact support. The support of  0(t) is the size of the interval
on which it is non-zero. If  0(t) is supported on [0, L], then  0,n(t) =
 0(t� n) is supported on [n, n + L], and

w0,n = hx, 0,ni =
Z

n+L

n

x(t) 0,n(t) dt.

This means that w0,n only depends on what x(t) is doing on [n, n+L]
— the wavelet coe�cients are recording local information about the
behavior of x(t).

These two properties make wavelets very good for representing signals
which are smooth except at a few singularities. The following exercise
will try to make this point.
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Exercise.

1. Suppose that  0(t) is supported on [0, L]. What is the support
of  

j,n

(t) = 2j/2 0(2
j

t� n)?

2. Suppose that x(t) is piecewise polynomial as follows

x(t) =

8
>>>><

>>>>:

0, t < �1

pth order polynomial, �1  t < 1,

di↵erent pth order polynomial, 1  t < 2,

0, t � 2.

Suppose that  0(t) is supported on [0, L] and that it has at
least p + 1 vanishing moments. At most how many wavelet
coe�cients at scale j � 0 are non-zero?
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Daubechies Wavelets

In the late 1980s, Ingrid Daubechies presented a systematic frame-
work for designing wavelets with vanishing moments and compact
support. For any integer p, there is a method for solving for the
g0[n] that corresponds to a wavelet with p vanishing moments and
has support size 2p� 1.

Here are the filter coe�cients for p = 2, . . . , 10. (p = 1 gives you
Haar wavelets.):

From Mallat, A Wavelet Tour of Signal Processing
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Here are pictures of some of the scaling functions (N = 2p in the
captions below):

From Burrus et al, Introduction to Wavelets ...
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Here are pictures of some of the wavelet functions (N = 2p in the
captions below):

From Burrus et al, Introduction to Wavelets ...
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